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Irreducible Quantum Dynamical Semigroups 
David E. Evans 
Abstract: We study some irreducible and ergodic properties 
of quantum dynamical semigroups, and apply our methods to 
semi groups of Lindblad type. 
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§ 1 Introduction ~ 
There has been great interest recently in the study of dynamical 
semigroups in quantum systems as semigroups on operator algebras with 
certain positivity properties such as complete positivity, see for 
example [4,6,7,8,11,12,13]. Here we study some irreducible and er-
godic properties of such semigroups, with particular reference to 
locally completely positive maps. 
In § 2 we prove an unbormded version of G. Lindblad's result 
relating dissipations and semigroups of locally completely positive 
maps on C*-algebras. In the third section we introduce a concept 
of an irreducible process, which is weaker than that considered by 
E.B. Davies [3] in the Schroedinger picture. We show that a dynamical 
semigroup of locally completely positive maps on a W*-algebra is 
irreducible if and only if the largest W*-algebra in the fixed point 
set is trivial. In § 4 we apply our results to semigroups of comple-
tely positive maps of Lindblad type [4,7,8,11,12], and discuss the 
relationship of our work with that of [3]. In particular we gain 
more insight into E.B. Davies' result on 'doubly stochastic' quantum 
processes [3, Theorem 19]. Some weaker results in these directions 
have also been obtained by Ho Spohn for completely positive dynamical 
semigroups of N-level systems by entirely different methods [13]. 
It is a pleasure to thank E. St0rmer for his kind hospitality 
at the University of Oslo, and for helpful comments with the presen-
tation of the manuscript. The author is also grateful to E.B. Davies 
for arousing his interest in the problem by introducing him to the 
work of H. Spohn. 
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§ 2 Dissipations and locally completely positive semigroups. 
Definition 2 .. 1.. A linear map ~ between C *-algebras ..+ and o3 
is said to be locally completely positive if it satisfies the Kadison-
Schwarz inequality: 
for all a in ..JJ.. o 
Note that our definition is slightly different from that of 
E. St0rmer [14], and that it was shown in [1,6] that a 2-positive 
linear map is locally completely positive. 
Definition 2.2. Let L be a linear map with domain ~ (L) in a 
C*-algebra JJ • Then L is said to be a dissipation [9, 11, 12] if 
the following holds: 
(i) ~ (L) is a *-subalgebra of eft. • 
(ii) 
(iii) 
L is a * -map, i .. e.. L(x)* = L(x*), for all x in ~(L). 
L(x*x) ~ L(x* )x + x*L(x) for all x in filJ (L) • 
Dissipations generate locally completely positive semigroups, 
or more precisely we can show the following: 
Theorem 2.3. Let {etL: t ~ 0} be a strongly continuous semigroup 
of *-linear maps on a unital C*-algebra v4-. Suppose ~ (L) is 
a subalgebra of .J+. which is closed under the square root operation 
of positive elements, and contains the identity of ~. Then the 
following conditions are equivalent: 
L is a dissipation which kills the identity. 
{ e tL : t.::, 0) is a semi group of locally completely positive 
maps which preserve the identity. 
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Proof: Suppose (2.4) holds. Then by [9, Theorem 2] L is dissi-
pati ve; i.e.. given x in 9 (L) there is a non-zero f in Jl., * 
such that f(x) = llfll.llx\1 , and Re f(Lx) ~ 0 • By semigroups theory, 
this means that {e tL : t ~ 0} is a semi group of contractions. But 
e tL 1 = 1 , hence etL is positive for all positive t. It now 
follows from [6, Theorem 5] that etL is locally completely positive 
for all positive t • 
Remark 2.6. Suppose L is a dissipation on a C*-algebra ~ • 
Then L being dissipative [9, Theorem 1] is bounded, and the above 
theorem in this case was shown by G. Lindblad [11]. From this we can 
deduce that if L is a *-linear map on a C*-algebra ~ , then L 
is a dissipation if and only if [ e tL : t ~ 0) is a norm continuous 
semigroup of locally completely positive contractions. 
§ 3 Reduction of dynamical semi groups. 
We define a dynamical semi group {Tt : t ~ 0) on a W*-algebra 
v4 to be a semigroup of weak *-continuous positive linear maps 
which preserve the identity. It is well known that any hereditary 
W*-subalgebra @ of W*-algebra Jf is of the form p )}p where p 
is a projection in ..4 • We say that the hereditary W*-subalgebra 
{]3 reduces Tt if the semigroup Tt leaves ~ globally invariant 
and its restriction to (fd is a dynamical semigroup. Note that the 
hereditary W*-subalgebra pAp reduces Tt if and only if Tt p = p 
for all positive t • In fact, more can be said, if Tt p = p for 
all positive t, then Tt(p xp) = p Tt(x) p for all positive t and 
x in Jf , by Broise (see [ 16 ] ) • A dynamical semigroup is said to 
be irreducible if it is not reduced by any proper hereditary W*-
- 4 -
subalgebra. 
We note that the argument of [3, Theorem 13], can be used to 
show the following. If Tt is a dynamical semigroup on a W*-algebra 
A which leaves invariant no proper hereditary W*-subalgebra of A, 
then Tt has no non-scalar fixed points i.e. (x E.A-: Tt(x) = x,'it] 
= C. See also (3.4) of Theorem 3.1 .. 
The reduction of processes has also been considered in [3,5], 
but their definitions differ from ours. In [5] not all hereditary 
W*-subalgebras are considered, in fact only the weakly closed two 
sided ideals are admissable i.e. (p v4 : p a central projection in...4} .. 
In [3] the author works in the Schroedinger picture, i.e. he considers 
the semigroup (Tt)* on the predual ..fo*, and his admissable sub-
spaces in ~* are the norm closed hereditary subspaces on * • 
If Jf = (}3 (df) , there are (p TC}f )p : p a projection in fB (dt)} • 
Clearly, if p is a projection in (JfJ (elf) , then a \-/*-dynamical 
semi group (Tt : t ~ 0} leaves p £ ( J{ )p globally invariant if and 
only if ((Tt)* : t ~ 0} leaves p T(Je)p invariant.. However our de-
finition is stronger, since we impose the normalising condition 
Tt p = p , for all t ~ 0 • 
THEOREM 3.1. Let Tt be a dynamical semigroup of locally completely 
positive maps on a W*-algebra A. Then 
(3.3) 
(3 .. 4) 
The set [x E A: Tt(x*x) = x*x, Tt(x) = x} is a weakly 
closed subalgebra of A .. 
The hereditary pAp reduces Tt if and only if 
Tt(yp) = Tt(y)p for all positive t , and y in A. 
Tt is irreducible if and only if 
(x E A: Tt(x*x) = x*x, Tt(xx*) = xx*, Tt(x) = x, 'V t} = a:. 
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Proof: Fix t ~ 0, and define D: A xA .... A by D(x,y) = 
Tt(x*y)- Tt(x*)Tt(y). Then D is sesquilinear, and D(y,y) > 0 
for all y in A • Thus the Cauchy-Schwarz inequality applied to 
q>D ' for q> in A* shows that if X E A' then D(x,x) = 0 , if + 
and only if D(x,y) = 0 for all y in A. Thus Tt(x*x) = x*x 
and Tt(x) =X for all t ~ 0' if and only if Tt(yx) = Tt(y)x 
for all y in A. The statements of the theorem now clearly follow. 
We denote the subalgebra in (3.2) by A(T) • 
Remark 3.5. The proof of the above Theorem can be used to strengthen 
Theorem 3a1 in [1], and thus Corollary 3.2 and Theorem 3.3 of that 
paper also apply to locally completely positive maps. See also the 
proof of [2, Theorem 3.1]. 
§ 4 Applications. 
We are now going to apply the preceeding results to dynamical 
semigroups of Lindblad type (see (4,7,8,11,12]). Let (0,~) be a 
cr-finite measure space, Jf a separable hilbert space, and A a 
weakly measurable map from 0 into B(Jt) such that the map 
s .... A(·)s defines a bounded linear operator ~ from Jt into 
L2(o;Je). Then there is a normal completely positive linear map V 
on B(J{) given by 
V(x) = f A(w) *x A(w) d~(w) 
.Jo 
where the integral converges in the ultraweak topology, and 
1 
0 .=:, V( 1) .=:, II Clll 2 • (Note that Kraus [ 10] has shown that any normal 
completely positive map on B(Jf) arises in this way from an atomic 
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measure on a countable set.) Let H be a bounded self adjoint 
operator on d£ and define 
K = iH- tV( 1) • 
Then L(x) = V(x) + K*x + xK, x E B(Jt) defines a norm continuous 
semigroup (etL: t ~ 0} of completely positive normal maps on B(Je) • 
We can now show the following. 
Theorem 4.1. Let M be a von Neumann algebra on the hilbert space 
Je, which is globally invariant under the semi group e tL • If Tt 
is the induced W*-dynamical semigroup on 1'1, then the algebra 
M(T) = {x EM : Tt (x*x) = x*x, Tt (x) = Xo V t .::_ 0} is equal to 
1.'1 n {A(w) ,K) I • Thus Tt is irreducible if and only if 
1.'1 n {A( w) ,A(w) * ,HJi = C • (Here the commutants are interpreted in 
an almost everywhere sense~) 
Proof: We have the following identity valid for all x in B(Je): 
L(x*x) - L(x*)x- x*L(x) = J (A(w),x]*(A(w),x]d~(w) 
0 
Thus if x E M(T) , we have L(x*x) = L(x) = 0, so that (A(w) ,x] = 0, 
a. e. This implies that V(x) = V( 1 )x , so that 0 = L(x) = 
V(x) +K*x+xK implies that V(1)x+ (-iH-V(1)/2)x+x(iH-V(1)/2) = 0 
i.e. x(iH- V( 1 )/2) = (ill- V( 1 )/2)x 
i.e. [x,K]=Oo 
Conversely' if X E 1.'1 n {A(w) ,K} I ' we have V(x) = V( 1 )x' so that 
by the above manipulations L(x) = V( 1 )x + K*x + xK = 0 , and also 
L(x*x) = 0 by (4.2). 
It follows easily, and also from (6, Theorem 3] that 
M(T) n M(T) * = M n {A(w) ,A(w) * ,H} I • 
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Remark 4.3. Let (M,Tt) be as in the above theorem. Then it was 
shown in [4,7,8] that there exists a faithful normal representation 
of M on a hilbert space 6( and a strongly continuous semigroup Gt 
of isometries on i<. such that Tt (x) = G~ x Gt , for all x in M .. 
The identity 
valid for all t ~ 0 , x E M, shows that M(T) can also be identified 
as M n (Gt} I ' and that Tt is irreducible if and only if 
M n (Gt, G.t}' = c • 
Remark 4.4. We briefly discuss the relation of this work with that 
of [3] when M = B(~) in Theorem 4.1 • Then as noted previously, 
if the process (Tt)* is irreducible in the sense of [3], then the 
process Tt is also irreducible in our sense. If (Tt)* is irre-
ducible, then clesrly there is no proper closed subspace of d{ in-
variant under K and A(w) (aoe.). If 0 is a separable locally 
compact Hausdorff space, and A is strongly continuous, then the 
converse is also true [3]. Now if A(w) is normal almost everywhere 
then [A(w),K}' is a *-algebra, and equals 
[A(w),A(w)*,H}' = [A(w),H}'. In this 'doubly stochastic' situation 
it was shown in [3, Theorem 19] that if (Tt)* is an irreducible 
infinite dimensional process, then it has no equilibrium state. In 
fact suppose [Tt : t ~ 0} is irreducible so that (A(w) ,K}' = C , 
and that p E T(J{) satisfies (Tt) * p = p , i.e. L* p = 0. 
Then tr[L*(p*p)- L*(p*)p- p*L*p] = 0, since trL*(cp) = 0, for all 
cp in T(Jf) • Then equation (4.2) in the Schroedinger picture shows 
that [A(w)*,p] = 0, [K*,pJ = 0, so that p E C. If Jf_ is infi-
nite dimensional this means that p = 0. 
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Note that it was also shown in (3, Theorem 13] that if (Tt)* 
is irreducible on a finite dimensional system, then it has a unique 
equilibrium state. In this situation the doubly stochastic assump-
tion was not needed. In fact if L* p = 0 , p E T(Je) + , the above 
analysis shows that (A(w)*,p] = [K*,p] = 0. Since (Tt)* is irre-
ducible, this means p is invertible, and a convexity argument (3, 
Theorem 13] shows that p E C. 
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